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Abstract
This study focuses on nonlocal boundary value problems (BVP) for degenerate elliptic differential-
operator equations (DOE), that are defined in Banach-valued function spaces, where boundary
conditions contain a degenerate function and a principal part of the equation possess varying co-
efficients. Several conditions obtained, that guarantee the maximal Lp regularity and Fredholmness.
These results are also applied to nonlocal BVP for regular degenerate partial differential equations
on cylindrical domain to obtain the algebraic conditions that ensure the same properties.
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0. Introduction
Boundary value problems for differential-operator equations have been elaborated in
detail by [3,14,23,29]. The solvability and the spectrum of boundary value problems for
elliptic differential-operator equations have also been studied in [4,5,11,22,24–26]. A com-
prehensive introduction to the differential-operator equations and historical references may
be found in [14,29]. In these works Hilbert-valued function spaces essentially have been
considered. The maximal Lp regularity for differential-operator equations have been stud-
ied, e.g., in [9,10,28].
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generate differential-operator equations in Banach-valued function spaces. In this work
(1) DOE and BVP are degenerated;
(2) The DOE possess varying coefficients in the principal party;
(3) Boundary conditions are, in general, nonlocal;
(4) Operators containing in equations and boundary conditions are, in general, unbounded.
The maximal Lp regularity and Fredholmness of these problems are proved. Moreover,
representations of solutions of these boundary value problems are constructed in turn which
promote to establish of the maximal Lp regularity of resolvent of appropriate differential
operators. These results are applied to nonlocal boundary value problems for degenerate
elliptic, quasi-elliptic partial differential equations and their finite or infinite systems on
cylindrical domains.
1. Statement of the problem
Consider a nonlocal boundary value problem on (0,1) for degenerate differential-
operator equation
Lλu = −a(x)u[2](x)+Aλ(x)u(x)+B1(x)u[1](x)+B2(x)u(x)= f, (1)
Lku = αku[mk](0)+ βku[mk](1)+
Nk∑
j=1
δkju
[mk ](xkj ) = 0, k = 1,2, (2)
in a Banach space E, where u[i] = (xγ d
dx
)i
u(x), 0  γ < 1, mk ∈ {0,1}; αk,βk, δkj are
complex numbers and xkj ∈ (0,1); A and Bk(x) are, generally speaking, unbounded oper-
ators in E and Aλ = A+ λI, where I is identity operator in E.
A function belonging to a space
W [2]p,γ = W [2]p,γ
(
0,1;E(A),E)
= {u; u ∈Lp(0,1;E(A)), u[2] ∈Lp(0,1;E),
‖u‖
W
[2]
p,γ
= ‖Au‖Lp(0,1;E) + ‖u[2]‖Lp(0,1;E) < ∞
}
and satisfying Eq. (1) a.e. on (0,1) is said to be the solution of Eq. (1) on (0,1).
Let
W 2p,γ = W 2p,γ
(
0, b;E(A),E)
= {u; u ∈Lp,γ (0, b;E(A)), u(2) ∈ Lp,γ (0, b;E),
‖u‖W 2p,γ = ‖Au‖Lp,γ (0,b;E) + ‖u(2)‖Lp,γ (0,b;E) < ∞
}
.
Remark 1. Under the substitution
y = (1 − γ )−1x1−γ , (3)
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spaces Lp,γ1(0, b;E) and W 2p,γ1(0, b;E(A),E), where b = 11−γ , γ1 = ((1 − γ )y)γ/(1−γ ),
respectively. Moreover, under the substitution (3) the problem (1)–(2) is transformed into
a nondegenerate problem
Lu = −a(y)u(2)(y)+Aλ(y)u(y)+B1(y)u(1)(y)+B2(y)u(y)= f, (4)
Lku = αku(mk)(0)+ βku(mk)(b)+
Nk∑
j=1
δkj u
(mk)(ykj )= 0,
k = 1,2, ykj ∈ (0, b), (5)
in the weighted space Lp,γ1(0, b;E), where a,Aλ,B1,B2 are again denoted as in (1), after
the substitution (3).
2. Homogeneous equations
Let us consider a nonlocal boundary value problem with constant coefficients
L0u = −au(2)(x)+Aλu(x)= 0,
Lku = αku(mk)(0)+ βku(mk)(b)+
Nk∑
j=1
δkju
(mk)(ykj )= fk,
k = 1,2, ykj ∈ (0, b), (6)
in the space Lp(0, b;E), where Aλ = A + λI , A is generally speaking, unbounded oper-
ators in E, a is real and λ is complex number, fk ∈ Ek = (E(A),E)θk,p, θk = mk2 + 12p ,
and Ek are the interpolation spaces defined in [27, Section 1.14.5].
Condition 1. Let the following conditions be satisfied:
(1) A is a positive operator in the Banach space E for ϕ ∈ (0,π] and a > 0;
(2) αk , βk , δkj are complex numbers, θk = mk2 + 12p ;
(3) θ = (−1)m1α1β2 − (−1)m2α2β1 = 0, p ∈ (1,∞).
Theorem 1. Let Condition 1 be satisfied. Then the problem (6) for fk ∈ Ek , | argλ| π −ϕ
and for sufficiently large |λ| has a unique solution u ∈W 2p(0, b;E(A),E). And the coercive
uniformity, which is defined by
2∑
i=0
|λ|1−i/2‖u(i)‖p + ‖Au‖p M
2∑
k=1
(‖fk‖Ek + |λ|1−θk‖fk‖E) (7)
with respect to the parameter λ estimate, holds for the solution of the problem (6).
Proof. By virtue of the condition (1) and [27, Section 1.14] for | argλ|  π − ϕ, there
exists a holomorphic for y > 0 and strongly continuous for y  0 semigroup e−yA
1/2
λ . By
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Eq. (6), that belongs to space W 2p(0, b;E(A),E) has the form
u(x)= e−yA1/2λ g1 + e−(b−y)A
1/2
λ g2, (8)
where gk ∈ (E(A),E)1/(2p(1−γ )),p, k = 1,2.
By taking into account boundary conditions (6) we obtain algebraic linear equations
with respect to g1, g2,
(−1)mk
[
αk + βke−bA
1/2
λ +
Nk∑
j=1
δkj e
−ykjA1/2λ
]
A
mk/2
λ g1
+
[
αke
−bA1/2λ + βk +
Nk∑
j=1
δkj e
−(b−ykj )A1/2λ
]
A
mk/2
λ g2 = fk, k = 1,2. (9)
System (9) is matrix-operator equations. Let D(λ) be the main operator-determinant
of Eq. (9). By virtue of the properties of positive operators and holomorphic semigroups
[27, Section 1.14], it is clear to see that ‖D(λ)‖B(E2) → 0 for |λ| → ∞. Then by the
condition θ = 0, for | argλ| π − ϕ , λ → ∞ the operator-matrix Q(λ) = [θ + D(λ)]−1
is invertible and bounded uniformly with respect to the parameters λ. Consequently, the
system (9) has a unique solution for | argλ|  π − ϕ and sufficiently large |λ|. From the
expressions of operators D(λ) and Q(λ) it follows that, these operators are bounded, and
operators containing in the expression D(λ) are commuting with any powers of operators
A
1/2
λ . Consequently, substituting the values of υ1, υ2 into (8) we obtain a representation
of the solution of the problem (6). By virtue of Theorem A, the properties of holomorphic
semigroups, the trace theorem [18], in view of uniformly boundedness of operator Q(λ)
and the representation of the solution (6) we obtain the estimate (7). 
3. Nonhomogeneous equations
Now consider, in Lp,γ1(0, b;E), the boundary value problem
L0u = −au(2)(x)+Aλu(x)= f,
Lku = αku(mk)(0)+ βku(mk)(b)+
Nk∑
j=1
δkj u
(mk)(ykj )= fk,
k = 1,2, ykj ∈ (0, b). (10)
Theorem 2. Let Condition 1 be satisfied and E is the Banach space satisfying the multiplier
condition with respect to p ∈ (1,∞). Let A be an R-positive operator in E. Then the
operator u → Gu = {L0u,L1u,L2u} for | argλ| π − ϕ and sufficiently large |λ|, is an
isomorphism from W 2p(0, b;E(A),E) onto Lp(0, b;E)+E1 +E2 and the coercive, which
uniformity is defined by
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k=0
|λ|1−k/2‖u(k)‖p + ‖Au‖p
 C
[
‖f ‖p +
2∑
k=1
‖fk‖Ek + |λ|1−θk‖fk‖E
]
(11)
with respect to the parameter λ estimate, holds for the solution of the problem (10).
Proof. We have proved the uniqueness of the solution of the problem (10) in Theorem 1.
Let
f˜ (y)=
{
f (y) if y ∈ [0, b],
0 if y /∈ [0, b].
We now show that a solution of the problem (10) which belongs to W 2p(0, b;E(A),E)
can be represented as a sum u = u1 + u2, where u1 is a restriction on [0, b] of the solution
u of the equation
L0u = f˜ (y), y ∈ R = (−∞,∞), (12)
and u2 is a solution of the problem
L0u = 0, Lku = fk −Lku1. (13)
A solution of Eq. (10) is given by the formula
u(y)= F−1L−10 (λ, ξ)F f˜ ,
where F f˜ is the Fourier transform of the function f˜ , and
L0(λ, ξ) = (aξ2 + λ)I +A.
It follows from the above expression that
2∑
i=0
|λ|1−i/2‖u(i)‖p + ‖Au‖p
=
2∑
i=0
|λ|1−i/2∥∥ξ iF−1L−10 (λ, ξ)F f˜ ∥∥p + ∥∥F−1AL−10 (λ, ξ)F f˜ ∥∥p. (14)
By virtue of R-boundedness of A, the Fourier multiplierness of operator-functions
H(λ, ξ) = AL−10 (λ, ξ), Hi(λ, ξ) = |λ|1−i/2ξ iL−10 (λ, ξ), i = 0,1,2,
in the space Lp(R;E), uniformly with respect to the parameter λ is showed (or applying
[28, Lemma 3.8] we obtain it for UMD spaces). Then, using the equality (14) we get
2∑
i=0
|λ|1−i/2‖u(i)‖p + ‖Au‖p  C‖f˜ ‖p. (15)
That is, Eq. (12) has a solution u1 ∈ W 2p(0, b;E(A),E). By virtue of the trace theo-
rem in [23] we obtain u(mk)(·) ∈ (E(A);E)θk,p , k = 1,2. Hence, L0ku1 ∈ (E(A),E)θk,p.1
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W 2p,γ1(0, b;E(A),E) for | argλ| π − ϕ and sufficiently large |λ|. Moreover, for the so-
lution of the problem (13) we have
2∑
i=0
|λ|1−i/2∥∥u(i)2 ∥∥p + ‖Au2‖p
 C
2∑
k=1
[‖fk‖Ek + |λ|1−θk‖fk‖E + |λ|1−θk‖Lku1‖E
+ ∥∥u(mk)1 ∥∥C([0,b];Ek) + |λ|1−θk‖u‖C([0,b];E)]. (16)
From (15) we obtain
2∑
i=0
|λ|1−i/2∥∥u(i)1 ∥∥p + ‖Au1‖p  C‖f ‖p. (17)
By virtue of the trace theorem [18] and the estimate (17) and by virtue of [26, Theo-
rem 2.3] for u ∈W 2p(0, b;E(A),E) we have
|λ|1−θk∥∥u(mk)1 (0)∥∥ C‖f ‖p (18)
uniformly with respect to λ. Hence from (16) and (18) we have
2∑
i=0
|λ|1−i/2∥∥u(i)2 ∥∥p + ‖Au2‖p
 C
[
‖f ‖p +
2∑
k=1
(‖fk‖Ek + |λ|1−θk‖fk‖)
]
. (19)
Then (17) and (19) imply (11). 
4. Equations with varying coefficients in principal part
Let us consider the boundary value problem (4)–(5). Let y0 ∈ [0, b].
Theorem 3. Let Condition 1 be satisfied and
(1) E is the Banach space that satisfies the multiplier condition with respect to p and
weighted function yγ/(1−γ ), 0 γ < 1 − 1
p
, 1 <p < ∞;
(2) A(y) is an R positive in E uniformly with respect to y and A(y)A−1(y0) ∈ C([0, b];
B(E)) and A(0)= A(b);
(3) a(y) is a positive continuous function on [0, b] such that a(0)= a(b);
(4) for any ε > 0, for a.e. y ∈ [0, b] and for u ∈ (E(A),E)1/2,∞,∥∥B1(x)u∥∥ ε‖u‖(E(A),E)1/2,∞ +C(ε)‖u‖
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Then the problem (4)–(5) for all f ∈ Lp,γ1(0, b;E) has a unique solution u ∈ W 2p,γ1(0, b;
E(A),E) and for | argλ| π −ϕ and sufficiently large |λ| the following coercive estimate
holds:
2∑
i=0
|λ|1−i/2‖u(i)‖p,γ1 + ‖Au‖p,γ1  C‖f ‖p,γ1 . (20)
Proof. Let G1,G2, . . . ,GN be regions in R and ϕ1, ϕ2, . . . , ϕN be corresponding a par-
tition of unique that, functions ϕj are smooth on R, σj = suppϕj ⊂ Gj and ∑Nj=1 ϕj (y)
= 1. Then for all u ∈ W 2p,γ1(0, b;E(A),E) we have u(y) =
∑N
j=1 uj (y), where uj (y) =
u(y)ϕj (y). Moreover, due to the nonlocalness of boundary conditions, functions ϕj are
chosen such that σ˜j = suppϕj adjoin with boundary points 0, b and consist of the sets σj0
and σjb , that is, σ˜j = σj0 ∪σjb , where σj0 is the part of σ˜j adjoin with the end point 0 and
σjb is the part of σ˜j adjoin with the end point b. Let us consider the case when the regions
Gj adjoin with the boundary points and contain σ˜j . Let u ∈ W 2p,γ1(0, b;E(A),E). Then
from the equality (4) we obtain
(L+ λ)uj = −a(y)u(2)j (y)+Aλ(y)uj (y)= fj (y), (21)
where
fj = f ϕj − a[2u′ϕ′j + uϕ′′j ] + ϕ′jB1u, j = 1,2, . . . ,N. (22)
Let be σ˜j = suppϕj partially belong to (0, b). Freezing coefficients in Eq. (21) obtain
that
−a(y0j )u(2)j (y)+Aλ(y0j )uj (y)= Fj (y), (23)
where
Fj = fj +
[
A(y0j )−A(y)
]
uj +
[
a(y)− a(y0j )
]
u′′j . (24)
Suppose functions ϕj (y) such that Lkuj = 0 for all u ∈ W 2p,γ1(0, b;E(A),E). Since
functions uj (x) have the compact supports then extending uj (x) on outsides of σj =
suppϕj from (23) we obtain a boundary value problem with constant coefficients
−a(y0j )u(2)j +Aλ(y0j )uj = Fj , L¯kuj = 0, k = 1,2. (25)
By using a similar technique of Theorem 2 we obtain that the problem (25) has a unique
solution uj and for |argλ| π − ϕ and sufficiently large |λ| the coercive estimate holds
2∑
i=0
|λ|1−i/2∥∥u(i)j ∥∥Gj ,p,γ1 + ‖Auj‖Gj ,p,γ1  C‖Fj‖Gj ,p,γ1 . (26)
Whence, using properties of the smoothness of coefficients of Eqs. (22) and (24) and
choosing diameters of σj sufficiently small, we get that
‖Fj‖Gj ,p,γ1  ε‖uj‖W 2 (G ;E(A),E) +C(ε)‖uj‖Gj ,p,γ1, (27)p,γ1 j
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and (27) we get
2∑
i=0
|λ|1−i/2∥∥u(i)j ∥∥Gj ,p,γ1  C‖f ‖Gj ,p,γ1 + ε‖uj‖W 2p,γ1 +C(ε)‖uj‖Gj ,p,γ1 .
Choosing ε < 1 from the above inequality we have
2∑
i=0
|λ|1−i/2∥∥u(i)j ∥∥Gj ,p,γ1  C[‖f ‖Gj ,p,γ1 + ‖uj‖Gj ,p,γ1]. (28)
By a similar manner we also obtain the estimate (28) for regions Gj entirely belonging to
(0, b). Then using the equality u(y) = ∑Nj=1 uj (y) and by virtue of the estimate (28) for
u ∈ W 2p,γ1(0, b;E(A),E) we have
2∑
i=0
|λ|1−i/2‖u(i)‖p,γ1  C
[∥∥(L+ λ)u∥∥
p,γ1
+ ‖u‖p,γ1
]
. (29)
Let u ∈W 2p,γ1(0, b;E(A),E) be solution of the problem (4)–(5). Then for | argλ| π −ϕ
we have
‖u‖p,γ1 =
∥∥(L+ λ)u −Lu∥∥
p,γ1
 1
λ
[∥∥(L+ λ)u∥∥
p,γ1
+ ‖u‖W 2p,γ1
]
. (30)
Then by embedding theorems [25,26] and by virtue of (28), (30) for sufficiently large
|λ| we have
2∑
i=0
|λ|1−i/2‖u(i)‖p,γ1  C
∥∥(L+ λ)u∥∥
p,γ1
. (31)
Let us consider the operator Oλ, acting in Lp,γ1(0, b;E) that is generated by the prob-
lem (4)–(5), i.e.,
D(Oλ) = W 2p,γ1
(
0, b;E(A),E, L¯k
)
, Oλu = −au(2) +Aλu+B1u(1) +B2u.
The estimate (31) implies that the problem (4)–(5) has only a unique solution and the op-
erator Oλ has an invertible operator in its rank space. We need to show that this rank space
coincide with the space Lp,γ1(0, b;E). We consider the smooth functions gj = gj (y) with
respect to the partition of the unique ϕj = ϕj (y) on the region (0, b) that equal one on
supp ϕj , where suppgj ⊂ Gj and |gj (y)| < 1. Let us construct for all j the function uj ,
that are defined on the regions Ωj = (0, b)∩Gj and satisfying the problem (4)–(5). Con-
sider at first when Gj adjoin to the boundary points. The problem (4)–(5) can be expressed
in the form
−a(y0j )u(2)j +Aλ(y0j )uj = gj
{
f + [A(y0j )−A(y)]uj + [a(y)− a(y0j )]uj},
L¯kuj = 0, j = 1,2, . . . ,N. (32)
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problems (32). By virtue of Theorem 2 for all f ∈ Lp,γ1(Gj ;E), for | argλ| π − ϕ and
sufficiently large |λ| we have
2∑
i=0
|λ|1−i/2
∥∥∥∥ didyi O−1jλ f
∥∥∥∥
p,γ1
+ ∥∥AO−1jλ f ∥∥p,γ1  C‖f ‖p,γ1 . (33)
Extending uj zero on the outside of supp ϕj in equalities (32) and passing substitutions
uj = Ojλ−1υj obtain operator equations with respect to υj ,
υj = Kjλυj + gjf, j = 1,2, . . . ,N. (34)
By virtue of embedding theorems [25,26] and the estimate (33), in view of the smooth-
ness of the coefficients of the expression Kjλ for | argλ|  π − ϕ and sufficiently large
|λ| we have ‖Kjλ‖ < ε, where ε is sufficiently small. Consequently, Eq. (34) have unique
solutions υj = [I −Kjλ−1]gjf . Moreover,
‖υj‖p,γ1 =
∥∥[I −K−1jλ ]gjf ∥∥p,γ1  ‖f ‖p,γ1 .
Whence, [I − K−1jλ ]gj are bounded linear operators from Lp,γ1(0, b;E) to Lp,γ1(Gj ;E).
Thus, we obtain that the functions
uj = Ujλf = O−1jλ
[
I −K−1jλ
]
gjf
are solutions of Eq. (34). In a similar way we can construct solutions uj of problem (34)
with respect to regions entirely belonging to (0, b). Consider a linear operator (U + λI) in
the space Lp,γ (0, b;E) such that
(U + λI)f =
N∑
j=1
ϕj (y)Ujλf.
It is clear from the constructions Uj and the estimate (33) that operators Ujλ are bounded
linear from Lp,γ1(0, b;E) to W 2p,γ1(0, b;E(A),E) and
2∑
i=0
|λ|1−i/2
∥∥∥∥ didiy U−1jλ f
∥∥∥∥
p,γ1
+ ∥∥AU−1jλ f ∥∥p,γ1  C‖f ‖p,γ1 (35)
for | argλ| π − ϕ and sufficiently large |λ|.
Therefore, (U + λI) is a bounded linear operator from Lp,γ1 to Lp,γ1 . Let (L + λI)
denote an operator that acts in Lp,γ1 and is generated by the boundary value problem
(4)–(5). Then act of (L + λI) to u =∑Nj=1 ϕjUjλf gives
(L + λI)u = f +
N∑
j=1
Φjλf,
where Φjλ are linear combination of Ujλ and ddyUjλ. By virtue of embedding theorems
[25,26], the estimate (35) and from the expression Φjλ we obtain that operators Φjλ
are bounded linear from Lp,γ1 to Lp,γ1(Gj ;E) and ‖Φjλ‖ < ε. Therefore, there exists
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f ∈Lp,γ1(0, b;E) the boundary value problem (4)–(5) has a unique solution
u(y)= (U + λI)
(
I +
N∑
j=1
Φjλ
)−1
f,
i.e., we obtain assertion of Theorem 3. 
Let L denote an operator, acting in Lp,γ1(0, b;E) and generated by the problem (4)–(5).
Result 1. Theorem 3 implies that the differential operator L has a resolvent operator (L +
λI)−1 for | argλ| π − ϕ, and an estimate holds
2∑
i=0
|λ|1−i/2∥∥Di(L + λI)−1∥∥
B(Lp,γ1 (0,b;E)) +
∥∥A(L + λI)−1∥∥
B(Lp,γ1 (0,b;E))  C.
Theorem 4. Let all conditions of Theorem 3 hold and A−1 ∈ σ∞(E). Then the operator L
from W 2p,γ1(0, b;E(A),E) into Lp,γ1(0, b;E) is Fredholm.
Proof. Theorem 3 implies that the operator L+λI for argλ = π and sufficiently large |λ|
have a bounded inverse (L + λI)−1 from Lp,γ1(0, b;E) to W 2p,γ1(0, b;E(A),E), that is
the operator L+λI from W 2p,γ1(0, b;E(A),E) into Lp,γ1(0, b;E) is Fredholm. Moreover,
by virtue of [20,25] the embedding
W 2p,γ1
(
0, b;E(A),E)⊂ Lp,γ1(0, b;E)
is compact. Then by virtue of Theorem 3 and the perturbation theory [15] we obtain that
the operator L from W 2p,γ1(0, b;E(A),E) into Lp,γ1(0, b;E) is Fredholm. 
Remark 2. Conditions a(0)= a(b), A(0)= A(b) arise due to nonlocalness of the bound-
ary conditions (5). If boundary conditions are local then conditions mentioned above are
not required any more.
Let G denote an operator, acting in Lp(0,1;E) that is generated by the problem (1)–(2).
By virtue of Remark 1 we obtain
Result 2. Let all conditions of Theorem 3 be satisfied. Then the problem (1)–(2) for all
f ∈ Lp(0,1;E) has a unique solution u ∈ W [2]p,γ (0,1;E(A),E) for | argλ|  π − ϕ and
sufficiently large |λ| the coercive estimate holds
2∑
i=0
|λ|1−i/2‖u[i]‖p + ‖Au‖p  C‖f ‖p.
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Lp(0,1;E) and G has a resolvent operator (G + λI)−1 for | argλ| π − ϕ, and
2∑
i=0
|λ|1−i/2∥∥D[i](G + λI)−1∥∥
B(Lp(0,1;E)) +
∥∥A(G + λI)−1∥∥
B(Lp(0,1;E))  C.
Remark 3. Note that, using similar techniques as those for Theorems 1–4 we can obtain
same results for differential-operator equations of the arbitrary order.
5. Nonlocal boundary value problems for degenerate elliptic equations
The Fredholm property of boundary value problems for elliptic equations were studied,
e.g., in [1,12,27].
Let Ω = (0,1) × G, where G ⊂ Rm, m  2, is a bounded domain with (m − 1)-
dimensional boundary ∂G. Let us consider on Ω a nonlocal boundary value problem for a
generate elliptic differential equation of the second order
Lu = −a(x)D[2]x u(x, y)−
m∑
k,j=1
akj (y)DkDju(x, y)
+ b0(x, y)Dxu(x, y)+
m∑
j=1
aj (x, y)Dju(x, y)+ a0(x, y)u(x, y)= f, (36)
Lku = αkD[mk ]x u(0, y)+ βkD[mk ]x u(1, y)+
Nk∑
j=1
δkjD
[mk ]
x u(xkj , y)= 0,
k = 1,2, (37)
L0u =
m∑
j=1
cj
∂
∂yj
u(x, y ′)+ c0u(x, y ′)= 0, (38)
where D[i]x =
(
xγ ∂
∂x
)i
, Dj = −i ∂∂yj , Dy = (D1, . . . ,Dm), mk ∈ {0,1}, αk,βk , δkj are the
complex numbers y = (y1, . . . , ym), xkj ∈ (0,1). Let r = ordL0.
Let Q denote a differential operator in Lp,q(Ω), that is generated by the boundary value
problem (36)–(38).
Theorem 5. Let the following conditions be satisfied:
(1) a ∈ C([0,1]), a(x) > 0, a(0)= a(1);
(2) akj ∈ C(G¯), aj , aj , a0 ∈ L∞(Ω), cj ∈ C1(G¯), c0 ∈C(G¯), ∂G ∈ C2;
(3) ∑mj=1 cj (y ′)σj = 0, y ′ ∈ ∂G, σ ∈ Rm, σ = 0, for r = 1, c0(y ′) = 0, y ′ ∈ ∂G, for
r = 0;
(4) for y ∈ G¯, σ ∈ Rm, argλ = π , |σ | + |λ| = 0, λ+∑mk,j=1 akj (y)σkσj = 0;
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point y ′ ∈ ∂G. Consider the following boundary value problem:[
λ+
m∑
k,j=1
akj (y
′)
(
σ ′k − iσj
d
dt
)(
σ ′k − iσj
d
dt
)]
u(ξ)= 0,
ξ > 0, λ 0, (39)
m∑
j=1
cj (y
′)
(
σ ′k − iσj
d
dt
)
u(ξ)
∣∣∣∣
ξ=0
= h for r = 1, (40)
u(0)= h for r = 0; (41)
it is required that for r = 1 the problem (39)–(40) ( for r = 0 the problem (39)–(41))
has one and only one solution, including all its derivatives, tending to zero as ξ → ∞
for any numbers h ∈ C1;
(6) αk,βk, δkj are complex numbers, 0 γ < 1 − 1p , p ∈ (1,∞), and
(−1)m1α1β2 − (−1)m2α2β1 = 0.
Then
(1) the coercive estimate, which is defined by
∥∥D[2]x u∥∥Lp,q (Ω) +
m∑
k=1
∥∥D2ku∥∥Lp,q (Ω) + ‖u‖Lp,q (Ω)
 C
[‖Lu‖Lp,q (Ω) + ‖u‖Lp,q (Ω)],
holds for the solution u ∈W [2],2p,q,γ (Ω) of the problem (36)–(38);
(2) the operator u → Qu from W [2],2p,q,γ (Ω) into Lp,q(Ω) is Fredholm.
Proof. Let us consider operators A and Bk in E = Lq(G) that are defined by the equalities
D(A) = W 2q (G;L0u = 0), Au = −
m∑
k,j=1
akj (y)DkDju(y),
B1u = b0(x, y)u, B2u =
m∑
j=1
aj (x, y)Dju+ a0(x, y)u.
Then the problem (36)–(38) can be rewritten in the form
−a(x)D[2]x u(x)+Au(x)+B1(x)D[1]x u(x)+B2(x)u(x)+ λu(x)= f (x),
Lku = αkD[mk ]x u(0)+D[mk ]x βku(mk)(1)+
Nk∑
j=1
δkjD
[mk ]
x u(xkj )= 0, k = 1,2, (42)
where u(x) = u(x, ·), f (x) = f (x, ·), x ∈ (0,1) are the functions with values in the Ba-
nach space E = Lq(G). By virtue of [16] the space E = Lq(G) satisfies the multiplier
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is UMD space for 1 < q < ∞). By virtue of [1] the operator A is positive in E = Lq(G).
By [29, Lemma 5.4.2/6] for sufficiently large λ0 > 0 the operator Aλ0 is generator of a con-
traction semigroups. Moreover, for E = Lq(G) the definition R-boundedness is reduced
to the formula (see, e.g., [28])∥∥∥∥∥
(
n∑
j=1
|Tjuj |2
)1/2 ∥∥∥∥∥
Lq
C
∥∥∥∥∥
(
n∑
j=1
|uj |2
)1/2 ∥∥∥∥∥
Lq
.
Therefore, by using of the positiveness of A and by virtue of the above estimate, the R-
boundedness of the operator A is showed, i.e., conditions (1)–(3) of Theorem 3 are fulfilled.
Moreover, it is known that the embedding W 2q (G)⊂ Lq(G) is compact (see, e.g., [27, Sec-
tion 3, Theorem 3.2.5]). Using interpolation properties of Sobolev spaces [27, Section 4]
we obtain that the condition (4) of Theorem 3 is satisfied. Hence, all conditions of Theo-
rems 3 and 4 hold. Then applying Result 2 to the problem (42) we obtain the assertion of
Theorem 5. 
Remark 4. Applying Theorems 2–4 and taking into account Remark 3 we can prove the
coerciveness and Fredholmness of nonlocal boundary value problems for degenerate partial
differential equations of high order.
Appendix A
Let E be a Banach space and γ = γ (x) be a positive measurable function on a region
Ω ⊂ Rn. Let Lp,γ (Ω,E) denote the space of strongly measurable E-valued functions that
are defined on Ω with the norm
‖f ‖p,γ = ‖f ‖Ω,p,γ = ‖f ‖Lp,γ = ‖f ‖Lp,γ (Ω;E)
=
(∫ ∥∥f (x)∥∥p
E
γ (x) dx
)1/p
, 1 p < ∞.
For g(x)≡ 1 the space Lp,γ (Ω;E) will be denoted by Lp(Ω;E). Let ‖f ‖p denote the
norm of f in Lp(Ω;E).
By Lp,q(Ω) and Wlp,q(Ω), will be denoted a scalar-valued p,q ordered integrable
function space and Sobolev space with mixed norm, respectively, [27].
The Banach space E is said to be a ξ -convex spaces [6] if there exists a symmetric real-
valued function ξ(u, v) on E × E, which is convex with respect to each of the variables,
and satisfies the conditions
ξ(0,0) > 0, ξ(u, v) ‖u + v‖ for ‖u‖ = ‖v‖ = 1.
The ξ -convex space E is often called a UMD space and written as E ∈ UMD. They include,
e.g., Lp, lp spaces, and the Lorentz spaces Lpq for p,q ∈ (1,∞). Let C be a set of complex
numbers and
Sϕ =
{
λ; λ ∈ C, | argλ− π | π − ϕ}∪ {0}, 0 < ϕ  π.
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L(E)
M
(
1 + |λ|)−1
with λ ∈ Sϕ , ϕ ∈ (0,π], where M is a positive constant, I is an identity operator in E and
L(E) is the space of bounded linear operators acting in E. Sometimes instead of A+ λI it
will be written A+ λ and denoted by Aλ. It is known [27, Section 1.15.1] that there exist
fractional powers Aβ of a positive operator A. Let E(Aβ) denote the space D(Aβ) with
norm
‖u‖E(Aβ ) =
(‖u‖p + ‖Aβu‖p)1/p, 1 p < ∞, −∞ < θ < ∞.
A set K ⊂ B(E1,E2) is called R-bounded (see [7,28]) if there is a constant C such that
for all T1, T2, . . . , Tm ∈K and u1, u2, . . . , un ∈ E1, m ∈N ,
1∫
0
∥∥∥∥∥
m∑
j=1
rj (y)Tjuj
∥∥∥∥∥
E2
dy  C
1∫
0
∥∥∥∥∥
m∑
j=1
rj (y)uj
∥∥∥∥∥
E1
dy,
where {rj } is a sequence of the independent symmetric [−1,1]-valued random variables
on [0,1].
We denote the set of all multipliers from Lp,γ (Rn;E) to Lp,γ (Rn;E) by Mp,γp,γ (E).
Definition 1. The Banach space E is said to be the space satisfying a multiplier condition
with respect to p (1 p < ∞) and weighted function γ, when for Ψ ∈ C(1)(R;B(E)), if
the sets{
Ψ (ξ): ξ ∈ R, ξ = 0} and {ξ d
dξ
Ψ (ξ): ξ ∈ R, ξ = 0
}
are R-bounded, then Ψ ∈ Mp,γp,γ (E).
It is well known (see [2,19]) that any Hilbert space satisfies the multiplier condition.
There are, however, the Banach spaces which are not Hilbert spaces but satisfy the multi-
plier condition, for example, UMD spaces (see [2,28]).
Definition 2. The positive operator A is said to be an R-positive in the Banach space E if
there exists ϕ ∈ (0,π} such that the set
LA =
{(
1 + |ξ |)(A− ξI)−1: ξ ∈ Sϕ}
is R-bounded.
Note that, in the Hilbert spaces every norm bounded set is R-bounded. Therefore, in
the Hilbert spaces all positive operators are R-bounded. If A is a generator of a con-
traction semigroup on Lq , 1  q ∞ [21], A has the bounded imaginary powers with
‖(−Ait )‖B(E)  Ceν|t |, ν < π2 [8] or if A is a generator of a semigroup with Gaussian
bound [9] in E ∈ UMD then those operators are R-positive.
Let σ∞(E) denote the space of compact operators acting in E.
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a positive integer, 1  p < ∞ and 12p < α < m + 12p . Let 0  γ < 2pα − 1. Then for
λ ∈ S(ϕ) the operator −A1/2λ generates a semigroup e−A
1/2
λ x which is holomorphic for
x > 0 and strongly continuous for x  0. Moreover, there exist a constant C > 0 such that
for every u ∈ (E,E(Am))α/m−(1+γ )/(2pm),p and λ ∈ S(ϕ),
∞∫
0
∥∥Aαλe−xA1/2λ u∥∥pExγ dx C(‖u‖p(E,E(Am))α/m−(1+γ )/(2mp),p + |λ|pα−(1+γ )/2‖u‖pE).
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